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Abstract

In this note we study the local behaviour of the multi–variate Bernstein
polynomials Bn on the d–dimensional simplex S ⊂ Rd. For functions
f admitting derivatives of sufficient high order in x ∈S we derive the
complete asymptotic expansion of Bnf as n tends to infinity. All the
coefficients of n−k that only depend on f and x are calculated explicitly.
It turns out that combinatorial numbers play an important role. Our
results generalize recent formulae due to R. Zhang.



1 Introduction

For each function f defined on [0, 1] , the classical Bernstein polynomials Bn

(n = 0, 1, 2, . . .) are given by

Bn (f ;x) =
n∑

ν=0

(
n

ν

)
xν (1− x)n−ν

f
(ν

n

)
(x ∈ [0, 1]) . (1)

Bernstein [8] already proved that, for q ∈ N and f ∈ C2q [0, 1] , the univariate
Bernstein polynomials satisfy the asymptotic relation

Bn (f ;x) = f (x) +
2q∑

k=1

Tn,s (x)
s! ns

f (s) (x) + o
(
n−q

)
(n →∞) , (2)

where

Tn,s (x) =
n∑

ν=0

(ν − nx)s

(
n

ν

)
xν (1− x)n−ν (s = 0, 1, 2, . . .) .

In a very recent paper [19] R. Zhang presented a pointwise asymptotic ex-
pansion for Bernstein polynomials on a triangle in terms of the two–dimensional
generalization of Tn,s (x).

The drawback of Formula (2) and also of Zhang’s bivariate formula is that
the terms Tn,s (x) contain the parameter n in a very implicit manner. The
Bernstein polynomials Bn possess a complete asymptotic expansion of the form

Bn (f ;x) ∼ f(x) +
∞∑

k=1

ck(f ;x) n−k (n →∞), (3)

provided f admits derivatives of sufficiently high order at x ∈ [0, 1]. All
coefficients ck(f ;x) are independent of n. Formula (3) means that, for all
m = 1, 2, . . ., there holds

Bn (f ;x) = f(x) +
m∑

k=1

ck(f ;x) n−k + o(n−m) (n →∞).

The aim of this paper is to derive a multi–dimensional version of Eq. (3) for
multivariate Bernstein polynomials. All the coefficients of n−k that only depend
on f and x are calculated explicitly. It turns out that combinatorial numbers
play an important role.

Let S ⊂ Rd (d ∈ N) be the simplex defined by

S =
{
x ∈Rd | xi ≥ 0 (i = 1, . . . , d) , 1− |x| ≥ 0

}
.

Throughout this paper, for x =(x1, . . . , xd)∈Rd and k = (k1, . . . , kd)∈Nd
0, we

denote as usual

|x| =
d∑

i=1

xi, xk=
d∏

i=1

xki
i ,
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|k| =
d∑

i=1

ki, k! =
d∏

i=1

ki!

and, for k,m ∈Rd, we write k ≤ m iff there holds ki ≤ mi (i = 1, . . . , d) . For
n∈N0,k ∈Nd

0, we put
(
n
k

)
= n|k|/k!, where xm = x (x− 1) · · · (x−m + 1), x0 =

1 denotes the falling factorial.
For each n∈N0 and f : S → R, the multivariate Bernstein polynomial on

the simplex S is defined by

Bn (f ;x) =
∑
|k|≤n

pn,k (x) f

(
k
n

)
(x ∈S) , (4)

where pn,k (x) =
(
n
k

)
xk (1− |x|)n−|k| and αx = (αx1, . . . , αxd), for α ∈ R.

It is obvious that in the special case d = 1 we obtain the well–known univari-
ate Bernstein polynomials (1). The case d = 2 are the Bernstein polynomials
on a triangle which were studied by Zhang [19].

We mention that analogous results for the Bernstein–Kantorovich operators,
the Meyer–König and Zeller operators and the operators of Butzer, Bleimann
and Hahn can be found in [4, 1, 3, 2, 5]. Similar results on a certain positive
linear operator can be found in [10, 7].

2 Main Results

Let q∈N. For a fixed x =(x1, . . . , xd)∈S, let K [q] (x) be the class of all bounded
functions f : S → R such that f and all its partial derivatives of order ≤ q are
continuous in x.

Theorem 1 (Complete asymptotic expansion for the operators Bn). Let q∈N,
x ∈S, and f ∈ K [2q] (x) . The multivariate Bernstein polynomials on the simplex
S satisfy the asymptotic relation

Bn (f ;x) = f (x) +
q∑

k=1

n−k
∑
s

k<|s|≤2k

1
s!

(
∂|s|

∂xs1
1 · · · ∂xsd

d

f (x)
)

∑
ν

ν≤s

a (k, s,ν) xs−ν + o
(
n−q

)
(n →∞) ,

where the coefficients a (k, s,ν) are given by

a (k, s,ν) =
∑
r

ν≤r≤s,|r|≥k

(−1)|s|−|r| S (|r| − |ν| , |r| − k)
d∏

i=1

((
si

ri

)
σ (ri, ri − νi)

)
.

(5)

5



Remark 1 . If f ∈ K [∞] (x) =
⋂∞

q=1 K [q] (x), the multivariate Bernstein poly-
nomials on the simplex S possess the complete asymptotic expansion

Bn (f ;x) ∼ f(x) +
∞∑

k=1

ck(f ;x) n−k (n →∞),

where

ck(f ;x) =
∑
s

k≤|s|≤2k

1
s!

(
∂|s|

∂xs1
1 · · · ∂xsd

d

f (x)
)∑

ν
ν≤s

a (k, s,ν) xs−ν

and a (k, s,ν) is as defined in (5) .

The quantities S (n, k) and σ (n, k) denote the Stirling numbers of the first
and second kind, respectively. Recall that the Stirling numbers are defined by
the equations

xn =
n∑

k=0

S (n, k) xk resp. xn =
n∑

k=0

σ (n, k) xk (n = 0, 1, . . .) . (6)

Furthermore we put S (n, k) = σ (n, k) = 0 if k > n.

Remark 2 . In the univariate case d = 1 we obtain the well–known formula

Bn (f ;x) = f (x) +
q∑

k=1

n−k
2k∑

s=k

1
s!

f (s) (x)
s∑

ν=0

a (k, s, ν) xs−ν + o
(
n−q

)
as n →∞, where

a (k, s, ν) =
s∑

r=max{ν,k}

(−1)s−r

(
s

r

)
S (r − ν, r − k) σ (r, r − ν) ,

provided f is bounded on [0, 1] and admits a derivative of order 2q at x ∈ [0, 1]
(cf. [2, Lemma 1]).

In the special case q = 1 Theorem 1 reveals the following Voronovskaja–type
result.

Corollary 2 (Voronovskaja–theorem for the operators Bn). Let x ∈S, and
f ∈ K [2] (x) . The multivariate Bernstein polynomials on the simplex S satisfy
the asymptotic relation

lim
n→∞

n (Bn (f ;x)− f (x)) =
1
2

 d∑
i=1

xi
∂2f (x)

∂x2
i

−
d∑

i,j=1

xixj
∂2f (x)
∂xi∂xj

 .
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The classical theorem of Voronovskaja [18] is obtained in the special case
d = 1.

For the convenience of the reader we list the explicit expressions for the
initial terms of the asymptotic expansion. In order to simplify the notation we
restrict ourselves to the case d = 2.

Let (x, y)∈S, and f ∈ K [6] (x, y) . The bivariate Bernstein polynomials on
the simplex S ⊂ R2 satisfy the asymptotic relation

Bnf = f +
1
2n

(x(1− x)fxx − 2xyfxy + y (1− y) fyy)

+
1

6n2

(
x (1− x) (1− 2x) fxxx + 3xy (2x− 1) fxxy

+3xy (2y − 1) fxyy + y (1− y) (1− 2y) fyyy

)

+
1

8n2

 x2 (1− x)2 fx4 − 4x2y (1− x) fxy3

+2xy (1− x− y + 3xy) fx2y2

−4xy2 (1− y) fx3y + y2 (1− y)2 fy4


+

1
24n3

 x (1− x)
(
1− 6x− 6x2

)
fx4 − 4xy

(
1− 6x− 6x2

)
fx3y

−6xy (1− 2x− 2y + 6xy) fx2y2

−4xy
(
1− 6y − 6y2

)
fxy3 + y (1− y)

(
1− 6y − 6y2

)
fy4



+
1

12n3


x2 (1− x)2 (1− 2x) fx5 − 5x2y (1− x) (1− 2x) fx4y

+xy
(
1− 6x− y + 15xy + 5x2 − 20x2y

)
fx3y2

+xy
(
1− x− 6y + 15xy + 5y2 − 20xy2

)
fx2y3

−5xy2 (1− y) (1− 2y) fxy4 + y2 (1− y)2 (1− 2y) fy5



+
1

48n3


x3 (1− x)3 fx6 − 6x3y (1− x)2 fx5y

+3x2y (1− x) (1− x− y + 5xy) fx4y2

−4x2y2 (3− 3x− 3y + 5xy) fx3y3

+3xy2 (1− y) (1− x− y + 5xy) fx2y4

−6xy3 (1− y)2 fxy5 + y3 (1− y)3 fy6


+o
(
n−3

)
(n →∞) .

The corollary contains a result due to D. D. Stancu [17] (cf. [12, Eq. (5.87), p.
68]).

3 Auxiliary results

For each multi–index r = (r1, . . . , rd)∈Nd
0, we put er (x) = xr.

Lemma 3 . For all r = (r1, . . . , rd)∈Nd
0, the moments of the Bernstein poly-

nomials possess the representation

Bn (er;x) =
|r|∑

k=0

n−k
∑

ν
ν≤r,|ν|≥|r|−k

xνS (|ν| , |r| − k)
d∏

i=1

σ (ri, νi) (x ∈S) .
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Proposition 4 . For all s = (s1, . . . , sd)∈Nd
0, the central moments of the Bern-

stein polynomials possess the representation

Bn

(
(· − x)s ;x

)
=

|s|∑
k=0

n−k
∑

ν
ν≤s

a (k, s,ν) xs−ν (x ∈S) , (7)

where the coefficients a (k, s,ν) are given by Eq. (5).

In order to show Theorem 1 we use a general approximation theorem for
positive linear operators [6].

Lemma 5 . Let q∈N and x ∈S. Moreover, let Ln : K [2q] (x) → C (S) be a
sequence of positive linear operators. If, for k = 2q and k = 2q + 2,

Ln

(
‖· − x‖k

2 ;x
)

= O
(
n−b(k+1)/2c

)
(n →∞) , (8)

then we have, for each f ∈ K [2q] (x) ,

Ln (f ;x) =
∑
s

|s|≤2q

1
s!

(
∂|s|f (x)

∂xs1
1 · · · ∂xsd

d

)
Ln

(
(· − x)s ;x

)
+ o

(
n−q

)
(n →∞) .

The special case d = 1 is due to Sikkema [15, Theorems 1 and 2].

Remark 3 . For r = 0, 1, 2, . . ., we have

‖t− x‖2r
2 =

(
d∑

i=1

(ti − xi)
2

)r

=
∑
|s|=r

(
r

s

)
(t− x)2s .

In order to apply Lemma 5, we have to check whether the Bernstein poly-
nomials satisfy condition (8). By Remark 3, we have to show that

Ln

(
(· − x)2s ;x

)
= O

(
n−|s|

)
(n →∞) ,

for all s ∈Nd
0. In the following Lemma we shall prove a slightly more general

result.

Lemma 6 . For each x ∈S and all s ∈Nd
0, the central moments of the Bernstein

polynomials satisfy the estimation

Bn

(
(· − x)s ;x

)
= O

(
n
−b(|s|+1)/2c

)
(n →∞) .

For the proof we shall make use of the following well–known representations
for the Stirling numbers of the first kind

S (n, n− k) =
2k∑

j=k

(
n

j

)
S2 (j, j − k) (k = 0, 1, . . . n; n = 0, 1, 2, . . .) (9)
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resp. second kind

σ (n, n− k) =
2k∑

j=k

(
n

j

)
σ2 (j, j − k) (k = 0, 1, . . . n; n = 0, 1, 2, . . .) (10)

(see [9, p. 227], cf. [11, pp. 149–153]). The quantities S2 (n, k) , σ2 (n, k) denote
the associated Stirling numbers of the first resp. second kind. Recall that the
associated Stirling numbers are defined by their double generating function∑

n,k≥0

S2 (n, k) tnuk/n! = e−tu (1 + t)u

resp. ∑
n,k≥0

σ2 (n, k) tnuk/n! = exp
(
u
(
et − 1− t

))
.

(see [9, p. 295 and p. 222]).
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