
Friedberger Hochschulschriften

      Ulrich Abel und Mircea Ivan

      The Asymptotic Expansion
      for Approximation Operators
      of Favard-Szász Type

      Friedberger Hochschulschriften Nr. 2



2

©   Ulrich Abel, Mircea Ivan

Friedberger Hochschulschriften
Herausgeber:
Die Dekane der Fachbereiche des Bereichs Friedberg der FH Gießen-Friedberg
Wilhelm-Leuschner-Straße 13, D-61169 Friedberg
http://www.fh-friedberg.de

Alle Rechte vorbehalten, Nachdruck, auch auszugsweise, nur mit schriftlicher
Genehmigung und Quellenangabe.

Friedberg 1999
ISSN 1439-1112



3

Das vorliegende Manuskript ist ein Preprint und enthält Ergebnisse der Autoren, die
auf der Alexits Memorial Conference in Budapest (9.-14. August 1999) vorgetragen
wurden. Eine Arbeit mit den ausführlichen Beweisen wird in einer mathematischen
Fachzeitschrift veröffentlicht werden.

Eine Zusammenfassung der Arbeit erschien in

Function, Series, Operators, Alexits Memorial Conference,
Budapest, Hungary, August 9-14, 1999, Abstract of Talks,
János Bolyai Mathematical Society, Budapest, 1999.



The Asymptotic Expansion for

Approximation Operators

of Favard–Szász Type

Ulrich Abel
Fachhochschule Giessen-Friedberg,

University of Applied Sciences, Fachbereich MND,
Wilhelm-Leuschner-Strasse 13, 61169 Friedberg, Germany

E-mail: Ulrich.Abel@mnd.fh-friedberg.de

and

Mircea Ivan
Department of Mathematics,

Technical University of Cluj-Napoca,
Str. C. Daicoviciu 15, 3400 Cluj-Napoca, Romania

E-mail: Mircea.Ivan@math.utcluj.ro

Abstract

We derive the complete asymptotic expansion for Favard–Szász
type operators introduced by Jakimovski and Leviatan. Furthermore,
we treat simultaneous approximation.
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1 Introduction

In 1969, A. Jakimovski and D. Leviatan [16] introduced a Favard–Szász type
operator, by means of Appell polynomials.

Throughout this paper let g (z) =
∑∞

ν=0 aνz
ν be a function analytic in

the disk |z| < R (R > 1) with g (1) 6= 0. The Appell polynomials pν(x)
(ν = 0, 1, . . .) are defined by the equation

g (z) exz =
∞∑

ν=0

pν (x) zν . (1)

Let E be the class of all functions of exponential type which satisfy the
property |f (t)| ≤ ceAt (t ≥ 0) for some finite constants c, A > 0.

The Jakimovski–Leviatan operators Pn (n = 1, 2, . . .) associate to each
function f ∈ E

Pn (f ;x) =
e−nx

g (1)

∞∑
ν=0

pν (nx) f
(ν

n

)
(x ≥ 0) . (2)

Note that the operators Pn are well–defined, for all sufficiently great n, since
the infinite sum in (2) is convergent if n > A/ log R.

B. Wood [22] proved that the operator Pn is positive in [0,∞) if and
only if aν/g (1) ≥ 0 (ν = 0, 1, . . .) . Throughout this paper we will assume
that the operators Pn are positive.

In the special case g (z) ≡ 1 we get back the classical operators Sn of
Szász–Mirakjan

Sn (f ;x) = e−nx
∞∑

ν=0

(nx)ν

ν!
f
(ν

n

)
(x ≥ 0) .

In [16] Jakimovski and Leviatan obtained several approximation prop-
erties of the operators (2) . They proved that, for all f ∈ C[0,∞) ∩ E,

lim
n→∞

Pn (f ;x) = f(x),

the convergence being uniform in each compact subset of [0,∞).
In a recent paper [10] A. Ciupa studied the rate of convergence of the

operators (2) .
The purpose of this paper is to derive the complete asymptotic expansion

Pn (f ;x) ∼ f(x) +
∞∑

k=1

ck(f ;x) n−k (n →∞), (3)

provided f admits derivatives of sufficiently high order at x ≥ 0. The coeffi-
cients ck(f ;x) depend on the function g, but are independent of n. Formula
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(3) means that, for all m = 1, 2, . . ., there holds

Pn (f ;x) = f(x) +
m∑

k=1

ck(f ;x) n−k + o(n−m) (n →∞).

Moreover, we study simultaneous approximation. It turns out that, for
` = 0, 1, . . ., there holds(

d

dx

)`

Pn (f ;x) ∼ f (`)(x) +
∞∑

k=1

(
d

dx

)`

ck(f ;x) n−k (n →∞).

In the special case g (z) ≡ 1 we obtain the complete asymptotic expan-
sion of the Szász–Mirakjan operators and their derivatives.

Jakimovski and Leviatan [16, Theorem 5] defined also, for locally inte-
grable functions f , a Kantorovich variant

Kn (f ;x) =
ne−nx

g (1)

∞∑
ν=0

pν (nx)
∫ ν+1

n

ν
n

f (t) dt (x ≥ 0) , (4)

of their operators. We present the complete asymptotic expansion for these
operators, too.

We mention that analogous results for the Bernstein–Kantorovich oper-
ators, the Meyer–König and Zeller operators and the operators of Butzer,
Bleimann and Hahn can be found in [1, 2, 3, 4, 5]. Similar results on a
certain positive linear operator can be found in [7, 15].

2 Main Results

Let q ∈ N. For a fixed x ∈ [0,∞), let K [q](x) be the class of all functions
f : E → R such that f admits a derivative of order q at x.

Theorem 1 (Complete asymptotic expansion for the operators Pn). Let
q ∈ N, x ≥ 0, and f ∈ K [2q](x). The Jakimovski–Leviatan operators satisfy
the asymptotic relation

Pn (f ;x) = f(x) +
q∑

k=1

ck(f ;x) n−k + o
(
n−q

)
(n →∞) , (5)

where the coefficients ck(f ;x) are given by

ck(f ;x) =
k∑

s=0

a (k, s)
xs

s!
f (k+s)(x) (6)

with

a (k, s) =
1
k!

k∑
m=0

(
k

m

)
g(m) (1)

g (1)

s∑
r=0

(−1)s−r

(
s
r

)(
r+k
r+m

)σ (r + k, r + m) . (7)
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The quantities σ(n, k) denote the Stirling numbers of the second kind.
Recall that they are defined by the relations

xn =
∞∑

k=0

σ(n, k) xk (n = 0, 1, . . .), (8)

where, for x ∈ R, xn denotes the falling factorial defined by x0 = 1 and

xn = x(x− 1) · · · (x− n + 1) (n = 1, 2, . . .).

Note that σ (n, k) = 0 if k > n.
Concerning simultaneous approximation we have the following result.

Theorem 2 (Complete asymptotic expansion for the derivatives of the op-
erators Pn). Let q ∈ N, x ≥ 0, ` ∈ N0 and f ∈ K [2q+2`](x). The derivatives
of the Jakimovski–Leviatan operators satisfy the asymptotic relation

P (`)
n (f ;x) = f (`)(x) +

q∑
k=1

c
[`]
k (f ;x) n−k + o

(
n−q

)
(n →∞) , (9)

where the coefficients c
[`]
k (f ;x) are given by

c
[`]
k (f ;x) =

(
d

dx

)`

ck(f ;x) (10)

and ck(f ;x) is as defined in Theorem 1. Furthermore, the coefficients in (9)
have the representation

c
[`]
k (f ;x) =

1
k!

k∑
s=0

xs

s!
f (`+k+s)(x)

k∑
m=0

(
k

m

)
g(m) (1)

g (1)
(11)

×
s∑

r=0

(−1)s−r

(
s
r

)(
r+k+`
r+m+`

)σ (r + k + `, r + m + `) .

Remark 1 . If f ∈ K [∞](x) =
⋂∞

q=1 K [q](x), the Jakimovski–Leviatan op-
erators possess the complete asymptotic expansion

Pn (f ;x) ∼ f(x) +
∞∑

k=1

ck(f ;x) n−k (n →∞),

where the coefficients ck(f ;x) are as defined in (6) and (7) .
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For the convenience of the reader we list explicit expressions of the initial
coefficients ck(f ;x):

c0(f ;x) = f(x)

c1(f ;x) =
1
2
xf (2)(x) +

g′ (1)
g (1)

f ′(x)

c2(f ;x) =
1
8
x2f (4)(x) +

1
6
xf (3)(x)

(
1 + 3

g′ (1)
g (1)

)
+

1
2
f (2)(x)

g′ (1) + g(2) (1)
g (1)

c3(f ;x) =
1
48

x3f (6)(x) +
1
24

x2f (5)(x)
(

2 + 3
g′ (1)
g (1)

)
+

1
24

xf (4)(x)

(
1 +

10g′ (1) + 6g(2) (1)
g (1)

)

+
1
6
f (3)(x)

g′ (1) + 3g(2) (1) + g(3) (1)
g (1)

In the special case of the Szász–Mirakjan operators we get the following
corollary.

Corollary 3 (Complete asymptotic expansion for the derivatives of the
Szász–Mirakjan operators Sn). Let q ∈ N, x ≥ 0, ` ∈ N0 and f ∈
K [2q+2`] (x) . The derivatives of the Szász–Mirakjan operators satisfy the
asymptotic relation

S(`)
n (f ;x) = f (`)(x) +

q∑
k=1

d
[`]
k (f ;x) n−k + o

(
n−q

)
(n →∞) ,

where the coefficients d
[`]
k (f ;x) are given by

d
[`]
k (f ;x) =

1
k!

k∑
s=0

xs

s!
f (`+k+s)(x)

s∑
r=0

(−1)s−r

(
s
r

)(
r+k+`

r+`

)σ (r + k + `, r + `) .

(12)

For q = 2, we obtain, for f ∈ K [2`+4](x), the asymptotic relation

S(`)
n (f ;x)

= f (`)(x) +
1
2n

(
xf (`+2)(x) + `f (`+1)(x)

)
+

1
48n2

(
6x2f (`+4) + 4 (3` + 2) xf (`+3) + 2` (3` + 1) f (`+2)

)
+ o(n−2)

as n → ∞. In the special case q = 1 Theorem 2 reveals the following
Voronovskaja–type result.
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Corollary 4 (Voronovskaja–theorem for the operators Pn). For x ≥ 0,
` ∈ N0 and f ∈ K [2`+2] (x) , the Jakimovski–Leviatan operators satisfy the
asymptotic relation

lim
n→∞

n
(
P (`)

n (f ;x)− f (`)(x)
)

=
1
2

(
xf (`+2)(x) + `f (`+1)(x)

)
+

g′ (1)
g (1)

f (`+1)(x).

It is not known to the authors if the specialization of Corollary 4 to the
Szasz–Mirakjan operators

lim
n→∞

n
(
S(`)

n (f ;x)− f (`)(x)
)

=
1
2

(
xf (`+2)(x) + `f (`+1)(x)

)
appears in the literature. The special case ` = 0 of the latter formula is
well–known.

The Kantorovich variant (4) is intimately connected to the operators (2)
by the relation Kn (f ;x) = P ′

n (F ;x), where

F (x) =
∫ x

0
f (t) dt. (13)

Therefore, we get as an immediate consequence of Theorem 2 the following
corollary.

Corollary 5 (Complete asymptotic expansion for the operators Kn and
their derivatives). Let q ∈ N, x ≥ 0, ` ∈ N0 and f ∈ K [2q+2`+1](x). The
operators Kn satisfy the asymptotic relation

K(`)
n (f ;x) = f (`)(x) +

q∑
k=1

c
[`+1]
k (F ;x) n−k + o

(
n−q

)
(n →∞) ,

where the coefficients c
[`]
k (f ;x) are as defined in Theorem 2 and the function

F is given by Eq. (13) .

Note that the assumption f ∈ K [2q+2`+1](x) implies that F ′(x) = f(x).
In the case q = 1 we obtain, for f ∈ K [2`+3](x), the Voronovskaja–type
result

lim
n→∞

n
(
K(`)

n (f ;x)− f (`)(x)
)

=
1
2

(
xf (`+2)(x) + (` + 1) f (`+1)(x)

)
+

g′ (1)
g (1)

f (`+1) (x) .

The result in [11, Theorem 3.1] would include the special case ` = 0 of the
latter formula if there had been shown that ρn = o

(
n−1

)
as n → ∞. For
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f ∈ K [2`+5](x), we obtain

K(`)
n (f ;x)

= f (`)(x) +
1
2n

(
xf (`+2)(x) + (` + 1) f (`+1) (x) +

2g′ (1)
g (1)

f (`+1)(x)
)

+
1

48n2

(
6x2f (`+4)(x) +

(
4 (3` + 5) x + 24

g′ (1)
g (1)

)
f (`+3)(x)

+

(
2 (` + 1) (3` + 4) + 24

(` + 2) g′ (1) + g(2) (1)
g (1)

)
f (`+2) (x)

)
+ o(n−2)

as n →∞.

3 Auxiliary results

It is easy to see that the derivatives of the Jakimovski–Leviatan operators
possess the representation

P (`)
n (f ;x) =

n`e−nx

g (1)

∞∑
ν=0

pν (nx) ∆`
1/nf

(ν

n

)
(` = 0, 1, . . .)

which was already remarked in [16, proof of Theorem 3]. We define, for
λ ≥ 0, the positive linear operators

Pn,λ (f ;x) =
e−nx

g (1)

∞∑
ν=0

pν (nx) f

(
ν + λ

n

)
in order to obtain the relation

P (`)
n (f ;x) = n`

∑̀
λ=0

(−1)`−λ

(
`

λ

)
Pn,λ (f ;x) . (14)

The essential result for the proof of the main theorem is the complete
asymptotic expansion of the operators Pn,λ.

Proposition 6 (Complete asymptotic expansion for the operators Pn,λ).
Let q ∈ N, x ≥ 0, and f ∈ K [2q](x). The operators Pn,λ (λ = 0, 1, . . .) satisfy
the asymptotic relation

Pn,λ (f ;x)

=
1

g (1)

q∑
k=0

n−k
k∑

s=0

xs

s!
f (k+s)(x)

k∑
m=0

g(m) (1)
m!

b (λ, s, k,m) + o
(
n−q

)
as n →∞, where

b (λ, s, k,m) =
k−m∑
µ=0

(
λ

k −m− µ

) s∑
r=0

(−1)s−r

(
s

r

)
σ (r + k, r + k − µ)

(r + k)µ .

(15)
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As a first step we calculate their moments. For each r = 0, 1, . . ., we put
er(x) = xr.

Lemma 7 . For all r = 0, 1, . . ., the moments of the operators Pn,λ

(λ = 0, 1, . . .) possess the representation

Pn,λ (er;x) =
1

g (1)

r∑
k=0

xr−k

nk

k∑
m=0

g(m) (1)
m!

×
k−m∑
µ=0

(
λ

k −m− µ

)
σ (r, r − µ) (r − µ)k−µ .

Lemma 8 . For all s = 0, 1, . . ., the central moments of the operators Pn,λ

(λ = 0, 1, . . .) possess the representation

Pn,λ ((· − x)s ;x) =
1

g (1)

s∑
k=0

skxs−k

nk

k∑
m=0

g(m) (1)
m!

b (λ, s− k, k,m) , (16)

where the coefficients b (λ, s, k, m) are as defined in Eq. (15) .

In order to show Proposition 6 we apply a general approximation theorem
for positive linear operators due to Sikkema [20, Theorems 1 and 2].

Lemma 9 . Let q ∈ N and x ≥ 0. Moreover, let Ln : K [2q](x) → C[0,∞)
be a sequence of positive linear operators. If, for s = 0, 1, . . . , 2q + 2,

Ln ((· − x)s ;x) = O
(
n−b(s+1)/2c

)
(n →∞) , (17)

then we have, for each bounded function f ∈ K [2q] (x) ,

Ln (f ;x) =
2q∑

s=0

1
s!

f (s)(x) Ln ((· − x)s ;x) + o
(
n−q

)
(n →∞) .

In order to apply Lemma 9, we have to check whether the operators Pn,λ

satisfy condition (17) .

Lemma 10 . For each x ≥ 0 and all s = 0, 1, . . ., the central moments of
the operators Pn,λ (λ = 0, 1, . . .) satisfy the estimation

Pn,λ ((· − x)s ;x) = O
(
n
−b(s+1)/2c

)
(n →∞) .

Since Lemma 9 applies only to bounded functions f we shall need the
following lemma for the proof of Proposition 6.

Lemma 11 . Let f ∈ E, λ ≥ 0, x ≥ 0, and d > 0. Assume that f (t) =
0, for all t ∈ (x− d, x + d) ∩ [0,∞). Then there exists a constant c > 0,
independent of n, such that

Pn,λ (f ;x) = O
(
e−cn

)
(n →∞) .
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[15] M. Ivan and I. Raşa, A sequence of positive linear operators, Rev. Anal.
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